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The general form of safe recursion (or ramified recurrence) can be expressed by an infinite graph 
rewrite system including unfolding graph rewrite rules introduced by Dal Lago, Martini and Zorzi, 
in which the size of every normal form by innermost rewriting is polynomially bounded. Every 
unfolding graph rewrite rule is precedence terminating in the sense of Middeldorp, Ohsaki and Zan- 
tema. Although precedence terminating infinite rewrite systems cover all the primitive recursive 
functions, in this paper we consider graph rewrite systems precedence terminating with argument 
separation, which form a subclass of precedence terminating graph rewrite systems. We show that 
for any precedence terminating infinite graph rewrite system ^ with a specific argument separation, 
both the runtime complexity of and the size of every normal form in can be polynomially 
bounded. As a corollary, we obtain an alternative proof of the original result by Dal Lago et al. 


1 Introduction 

1.1 Backgrounds 

In this paper we present a complexity analysis of a specific kind of infinite graph rewrite systems, prece¬ 
dence terminating with argument separation. The formulation of precedence termination with argu¬ 
ment separation stems from a function-algebraic characterization of the polytime computable functions 
based on the principle known as safe recursion Q or tiered recursion |[T3l . The schema of safe re¬ 
cursion is a syntactic restriction of the standard primitive recursion based on a specific separation of 
argument positions of functions into two kinds. Notationally, the separation is indicated by semicolon as 
f{xi ,...,Xk ,... ,Xk+i), where x\,...,Xk are called normal arguments while Xk+i ,... ,Xk+i are called 

safe ones. The schema of safe recursion formalizes the idea that recursive calls are restricted on normal 
arguments whereas substitutions of recursion terms are restricted for safe arguments: /(0,y;z) = g(y;z), 
f{ci{x),y-,z) = hi{x,y',z,f{x,y',z)) {i € I), where / is a finite set of indices. Safe recursion is sound for 
polynomial runtime complexity over unary constructors, i.e., over numerals or lists, but it was not clear 
whether the general form of safe recursion over arbitrary constructors, which is called general ramified 
recurrence ifTOll or general safe recursion, could be related to polytime computability as well. 

/(c;(xi,... ,x^ntY{ci)),f,z) = hi{x,f,zj{x\,f,z),. ■ ■ ,/(xarity(c,) Ji?)) (« € 1) (General Safe Recursion) 

The authors of ifTOl answered this question positively (Theorem [T] Section O showing that the schema 
(IGeneral Safe RecursionI) can be expressed by an infinite set of unfolding graph rewrite rules. To see 
a reason why graph rewriting was employed, consider a term rewrite system over the constructors 
{£,c,0,s} consisting of the following four rules with the argument separation indicated in the rules. 
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g{e-,z) z g{c{-,x,y)-,z) c{-,g{x\z),g{y,z)) 

f(0,>';) ^ e I{s{-,x),y,) g{yj{x,y,)) 

Reduction of a term f(s'”(0),f) generates a tree consisting of exponentially many copies of the tree t 
measured by m. Thus the computation should be performed over suitably shared graphs rather than terms. 
Moreover, the term f(s(0),c(e,£)) leads to the term c(g(£,e),g(e,£)) in three steps, where the subterm 
g(£, £) is duplicated, which means that costly recomputations potentially occur. Such duplications cannot 
be avoided by simple sharing but some essential memoization technique is necessary. 

1.2 Outline 

The most effort in ifTOl was devoted to show that unfolding graph rewrite rules expressing the schema 
(IGeneral Safe RecursionI ) only yield polynomial lengths of rewriting sequences and normal forms of 
polynomial sizes measured by the sizes of starting (term) graphs. The initial motivation of the present 
work was to deduce the complexity result by means of existing term rewriting techniques. In a techni¬ 
cal report iHTl . rewriting sequences under unfolding graph rewrite rules are embedded into descending 
sequences under a termination order over lists of terms via a variant of the predicative interpretation 
fluaii. In this paper, making the definition of unfolding graph rewrite rules more abstract, we define a 
class of graph rewrite systems precedence terminating with argument separation. Though the complexity 
analysis in the report above could be adopted, we avoid the use of intermediate termination orders but 
make use of numerical interpretation methods, which have been established as well as termination orders, 
e g- 0- The performed numerical interpretation is closely related to the predicative interpretation but 
also strongly motivated by polynomial ^na^f-interpretations presented in l|8l[l5l|9l. After preliminary 
sections, in Section IH we show that every graph rewrite system precedence terminating with a specific 
argument separation reduces under the associated interpretation (Theorem |2]), yielding an alternative 
proof of Theorem [T] (Corollary |3]l. In Section [5l to convince readers that the proposed method is indeed 
(potentially) more flexible than unfolding graph rewrite rules, we discuss two possibilities of application 
referring to related works. 


2 Term graph rewriting 

In this section, we present basics of term graph rewriting mainly following 0. 

Definition 1 (Signatures, labeled graphs and paths). Let be a signature, a set of function symbols, 
and let arity : N where arity(/) is called the arity of /. Throughout of the paper, we only consider 

finite signatures. We assume that ^ is partitioned into the set of constructors and the set & of defined 
symbols. 

Let G = (Vg,Eg) be a directed graph consisting of a set Vg of vertices (or nodes) and a set Eg of 
directed edges. A labeled graph is a triple (G, labG,succG) of an acyclic directed graph G = {Vg,Eg), 
a partial labeling function lab^ : Vg ^ and a (total) successor function succg : Vg —>• Vq, mapping 
a node v € Vg to a sequence of nodes of length arity(labG), such that if succg(v) = vi,...,Vk, then 
{vi,..., v<:} = {m E Vg I {v,u) E ^g}- In case succg(v) = vi,..., the node vj is called the successor 
ofv for every y E {1,... ,k}. In particular, succg(v) is empty if labG(v) is not defined. 

A list (vi, nil,..., Vk-i, uik-i, Vk) consisting of nodes vi,..., of a term graph G and naturals mi,..., 
mjc-i is called a path from vi to of length k if vy+i is the m*!’ successor of Vj for each y E {1,... ,k — 1}. 
In case k = 0, the list (v) consisting of a single node v is a trivial path of length 0. A labeled graph 
(G, labG,succG) is closed if the labeling function labG is total. 
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Definition 2 (Term graphs, sub-term graphs, basic term graphs, depths of term graphs and maximal 
sharing). A quadruple (G, labG,succG, rootG) is a term graph if (G, labG,succG) is a labeled graph and 
rootG is the root of G, i.e., a unique node in Vg from which every node is reachable. We write 
to denote the set of term graphs over a signature For a labeled graph G = (G, succg, labG) and a node 
V ^Vg, G\v denotes the sub-term graph of G rooted at v. We write H QG to express that // is a sub-term 
graph of G and C for the proper relation. A term graph G € is called basic if labG(rootG) G & 

and G|"v G for every successor node v of rootG- For a term graph G, the length of the longest 

path(s) from rootG the depth of G, denoted as dpth(G). 

Undefined nodes in a term graph G are intended to behave as free variables in a natural term rep¬ 
resentation of G. Let termG be an injective mapping from undefined nodes in G fo a (possibly infinife) 
sef 'E of variables. The mapping termG is canonically extended to a term representation (over 
of sub-term graphs of G as termG(G|'v) = termG(v) G TL in case labG(v) is not defined, and otherwise 
termG(GI'v) = labG(v)(termG(G|"vi),... ,termG(GI"Vi;)) where succg(v) = vi,... ,v^. A term graph G is 
maximally shared if, for any two nodes u,v G Vg. termG(GI'M) = termG(GI"v) implies u = v (under an 
arbitrary choice of such a mapping terniG). 


Definition 3 (Homomorphisms, redexes, graph rewrite rules and constructor graph rewrite rules). Given 
two labeled graphs G and H, a homomorphism from G to // is a mapping (p : Vg —t V)/ such that 
lab//((p(v)) = labG(v) for each v G dom(labG) C Vg and that, for each v G dom(labG), if succg(v) = 
vi,... ,Vjt, then succ//((p(v)) = (p{v \),..., (p{vk)- By definition, these conditions are not required for a 
node V G Vg for which labG(v) is not defined. A homomorphism tp from a term graph G to another term 
graph H is a homomorphism (p : (G,labG,succG) ^ (//, lab//,succ//) such that root// = (p(rootG)- 

A graph rewrite rule is a triple p = {G,l,r) of a labeled graph G and two distinct nodes I and r 
respectively called the left and right root. The term rewrite rule g{x,y) —)■ c(y,y) is expressed by a graph 
rewrite rule (1) and h(x,y,z,w) —^ c(z,w) by (2) below. 



In the examples, the left root is written in a circle while the right root is in a square, and undefined nodes 
are indicated as ±. As in the usual term rewriting setting, we assume that every undefined node occurring 
in G|"r occurs in G\l as well. 

A redex in a term graph G is a pair {R,(p) of a rewrite rule R = {H,l,r) and a homomorphism 
(p ■. H \l ^ G. A set of graph rewrite rules is called a graph rewrite system (GRS for short). A 
graph rewrite rule {G,fr) is called a constructor one if Gf / is a basic term graph. A GRS W is called 
a constructor one if ^ consists only of constructor rewrite rules. The rewrite relation in a GRS is 
defined by the build, redirection and garbage collection phase, denoted as —(See, e.g., Idol). In case 
that G H is induced by a redex {{K,l,r),(p), one can find a homomorphism y ■ ^ H compatible 

with (p such that G results in H by replacing the sub-term graph G\(p{l) of G with H\Y{r). A formal 
definition can be found in [5i|. The m-fold iteration of —is denoted as —and the reflective and 
transitive closure as —A rewriting G H induced by a redex {{Ko,lQ,ro),(po) is innermost if there 
is no redex {{K,l,r),(p) such that Gf(p(Z) is a proper sub-term graph of G\(po{lo). The innermost rewrite 
relation in is denoted as and are defined accordingly. 
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3 Unfolding graph rewrite rules for general safe recursion 


To make the purpose of the present work precise, in this section we restate the main result in ITOll . formu¬ 
lating the general safe recursive functions. Let ^ be a set of constructors and m\-^Cm(i <m< |^|) be an 
enumeration for We assume that ^ contains at least one constant. We call a function / : —>■ 

(^) general safe recursive if, under a suitable argument separation f{xi,yi), f can be 
defined from the initial functions by operating the schemata specified as follows. 

• oY{xi ,... ;yi,... ,y/) = cy if cy is a consfanf. (Constants) 


Cj(^^X \,. .. ?-^arity(cd^ • ;-^arity(cj)) ^*'dy(c*y) 0. (ConStrUCtOrs) 

lf'{xi ,...,Xk ^Xk+i ,... ,Xk+i) =Xj (1 <j <k + l). (Projections) 

Pifii',Ci) =Ci (arity(c;) = 0), P;,y( ;c,-(xi, ... ,Xanty(c,))) =Xj (1 < 7 < arity(c;)). (Predecessors) 
C( ;cy(xi,... ,^arity(cd)>>’i> ■'' A\^\) =yj- (Conditional) 

f{xi,...,xk\y\,...,yi)=h{x 

in ■ • ■ Ajm ;gi(x;y),...,g„(x;y)) ({71,C {!,...,k}). 


where h has m normal and n safe argument positions. 


(Safe composition) 


• f{Cj{xi,.. . ,.rarity(cj)) J;?) = hj{x,y-,zj{xi ,y u),.. . ,/(Xarity(cd’^;?)) U ^ ^)- 

If Cj is a constant, the schema of denotes f{cj,y\z) = hj{y\z)- (General safe recursion) 

In Uni a GRS ^ is called polytime presentable if there exists a deterministic polytime algorithm 
which, given a term graph G, returns a term graph H such that G H if such a term graph exists, or 
the value false if otherwise. In addition, a GRS W is polynomially bounded if there exists a polynomial 
p : N ^ N such that max{m, |//|} < p(|G|) holds whenever G H holds. 

Theorem 1 (Dal Lago, Martini and Zorzi ifTOl ). Every general safe recursive function can be computed 
by a polytime presentable and polynomially bounded constructor GRS. 


Remark 1. The schema (IGeneral Safe RecursionI) is formulated based on safe recursion (on notation) 
following fQ whereas the schema of general ramified recurrence formulated in ifTOl is based on ramified 
recurrence following lfT3l . Due to the difference, the definition of general safe recursive functions above 
is slightly different from the original definition of tiered recursive functions in ifTOl . Notably, the schema 
(Safe composition) is a weaker form of the original one in ||6l, which was introduced in ifT^ . It is not 
clear whether there is a precise correspondence between general safe recursive functions in the current 
formulation and tiered recursive functions. However, it is known that the polytime functions (over binary 
words) can be covered with the weak form of safe composition, which means that the restriction of the 
general safe recursive functions to unary constructors still covers all the polytime functions. 

Theorem[T]is shown by induction over a general safe recursive function /. The case that / is defined 
by (IGeneral Safe RecursionI) is witnessed by an infinite set of unfolding graph rewrite rules. 


Definition 4 (Unfolding graph rewrite rules). Let £ and 0 be two disjoint signatures in a bijective corre¬ 
spondence by (p : £ —)• 0. For a fixed k € N, suppose that arity((p(g)) = 2arity(g) +k for each g € £. Let 
/ 0£U0 and arity(/) = I-\-k. Given a natural m > 1, the m'^ set of unfolding graph rewrite rule over 
£ and 0 defining f consists of graph rewrite rules of the form {G,l,r) where G = (Vgj^GjSuccg, lab^) 
is a labeled graph over a signature D £ U 0 that fulfills the following conditions. 


1. The set Vg of vertices consists of 1 -|- 2m -|- k elements y, vi,..., v„j, wi ,..., w,„, x\,...,Xk. 

2. I = y and r = wi. 

3. labG(y) = / and succG(y) = vi,xi,...,vjt. 
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Figure 1: Examples of unfolding graph rewrite rules 


4. labG(x/) is not defined for all 7 G {1,... ,k). 

5. For each; G succcivj) G {vi,..., Moreover, Vg\vi = {vi,... ,v,„}. 

6 . For each 7 G {1,... ,m}, labG(v 7 ) G L and labG(w 7 ) = (p{\abG{vj)). 

1. For each 7 G {1,... ,m}, succg(>V 7 ) = vy,,... . ,Xk,Wj ^,. •., W 7 „ if succgCv^) = V 71 ,..., 

Example 1. Fet £ = {0,s}, 0 = {g,h}, (p : £ ^ 0 be a bijection defined as 0 1 -^ g and s i-> h, and 
f 0£U0, where the arities of 0,s,g,h,f are respectively 0, 1, 1, 3 and 2. Namely we consider the case 
k = \. The standard equations f(0,x) —g(x), f(s(y),x) —h(y,x,f(y,x)) of primitive recursion can be 
expressed by the infinite GRS IJm>i where is the set of unfolding graph rewrite rules over 

= £U0U{f} defining f. In this case, for each m > 1, consists of a single rule. For example, incase 
i= 1,2,3, consists of the rewrite rule (/) pictured in Figured] As seen from the pictures, the unfolding 
graph rewrite rules in Figure dl express the infinite instances f(0,x) ^ g(x), f(s(0),x) —h(0,jc,g(x)), 
f(s(s( 0 )),x) —> h(s( 0 ),x, h( 0 ,x,g(x))), ..., representing terms as suitably shared term graphs. 

To keep every term graph compatible with the associated argument separation, in iflOll . for any redex 
{R,(p), the homomorphism cp is limited to an injective one. In this paper, instead of assuming injectivity 
of homomorphisms, we rather indicate argument separations explicitly. 

Definition 5 (Term graphs with argument separation). In accordance with the idea of safe recursion, 
we assume that the argument positions of every function symbol are separated into the normal and 
safe ones, writing f{xi,... ,Xk',Xk+\,. ■ ■ ,Xk+i) to denote k normal arguments and I safe ones. We al¬ 
ways assume that every constructor symbol in ^ has safe argument positions only. The argument 
separations of function symbols are taken into account in labeled graphs in such a way that for ev¬ 
ery successor m of a node v we write u G nrm(v) if u is connected to a normal argument position 
of labG(v), and u G safe(v) if otherwise. For two distinct nodes vq and vi, if labG(vo) = labG(vi), 
then, for any 7 G {1,... ,arity(labG(vo))}, uq G nrm(vo) mi G nrm(vi) for the 7 * successor m,- of v,- 
(/ = 0,1). Notationally, we write succg(v) = vi,... ,Vk',Vk +\,. ■. ,Vk+i to express the separation such that 
vi,..., Vjt G nrm(v) and Vk +\,. •. ,Vk+i G safe(v). We assume that any homomorphism cp : G ^ H pre¬ 
serves argument separations. Namely, for each v G dom(labG), if succg(v) = v\,...,Vk', Vk+\,... ,Vk+i, 
then succ//((?)(v)) = (p(vi),..., (p(v<,); (piyu+i),... ,(p{vk+i). 

Fet us recall the idea of safe recursion that the number of recursive calls is measured only by a normal 
argument and recursion terms can be substituted only for safe arguments. This motivates us to introduce 
the following safe version of unfolding graph rewrite rules. 
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Figure 2: Example of a safe recursive unfolding graph rewrite rule 

Definition 6 (Safe recursive unfolding graph rewrite rules). We call an unfolding graph rewrite rule safe 
recursive if the following constraints imposed on the clause [3] and |7] in Definition |4] are satisfied. 

1. In fhe clause[3l vi € nrm(j), and in fhe clause|7J vj^ € nrm(w/) and Wj^,Wj^ G safe(wy). 

2. In fhe clause [3] and |7j for each j € {1,...,/:}, xj € nrm(j) if and only if Xj € nrm(iv,) for all 
i G 

As a consequence of Definifion[^ we have a basic properly of safe recursive unfolding graph rewrile 
rules, which ensures fhal rewrifing by any unfolding graph rewrile rule does nol change fhe sfruclures of 
subgraphs in normal argumenl posifions. 

Corollary 1. Let {G,y,wi) be a safe recursive unfolding graph rewrite rule with the set Vq of vertices 
consisting o/1 + 2m + k + l elements y, vi,..., v^, wi,..., Wm, x\,... ,Xk+i specified as in Definition Hand 
|6] where succG(y) = Vi,xi,... ,Xk ',Xk+\-,- ■ ■ ,Xk+i- Then G\u Cnrm G (y holds for any y G {1,... ,m} and 
for any node u G nrm(w,). 

Corollary [T] follows from an observafion fhal, for any y G {1,... ,m} and for any node u G nrm(wy), 
eilher u G dom(labG) and u = v,- for some i G {1, • • ■ ,m}, or u ^ dom(labG) and u = x, for some i G 
{1,... ,fc}. This is exemplified by a safe recursive (conslrucfor) unfolding graph rewrile rule in Figure 
|2]in case m = 2 and I = k = I fhal expresses fhe term rewrite rule f(s(;0),x;y) —> h(0,x;y,g(x;y)). To 

make a conlrasl, every edge v- 9 - u is expressed as v — ^u ifwG safe(v) and labG(v) G & and as 

V.■>■ u if labG(v) G 

4 Precedence termination with argument separation 

Every unfolding graph rewrite rule is precedence terminating in fhe sense of |[T6l . In Ihis secfion we pro¬ 
pose a restriction of the standard precedence termination orders, precedence termination with argument 
separation. To show the polynomial runtime complexity of those GRSs, we also introduce a non-standard 
number-theoretic interpretation of GRSs precedence terminating with argument separation. 

Eet ^ U ^ be a signature. A precedence < is a well founded partial binary relation on The 
rank rk : N is defined fo be compatible wilh <: rk(g) < rk(/) 4^ g < f. We always assume fhal 

every conslrucfor symbol is <-minimal. 

Definition 7 (A reslricfive sub-lerm graph relalion Cnrm and precedence lerminalion wilh argumenl 
separation). Eel < be a precedence on a signalure and G,H £ We write H Cnrm G if 

HifG\v holds for some node v G nrm(rootG)- The relation H <pt+nrm G holds if lab//(v) < labG(rootG) 
for any v G V)/ whenever lab//(v) is defined, and additionally one of fhe following Iwo cases holds. 

1. H ^pt+nrm G\u for somc successor node u of rootG- 
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2 . lab//(root//) is defined, i.e. lab//(root//) < labG(rootG), 

• H Cnrm G for each v G nrm(root//), and 

• H\v <pt+nrm G for each v G safe(root//). 

We say that a GRS ^ over a signature ^ is precedence terminating with argument separation if for some 
separation of argument positions and for some precedence < on G\r <pt+nrm G\l holds for each rule 
{G,l,r) G for the relation <pt+nrm induced by the precedence <. 

Let us recall we always assume that every constructor is minimal in any precedence. By the mini¬ 
mality, for any constructor rewrite rule (G,Z,r) G W, if G\r <pt+nrm G\l holds by Case [T]of Definition |7J 
G\r EG \v holds for some successor node v of Z. 

Definition 8 (Safe paths and a class of terms). 

1. Apath {vi ,mi, ..., v^:_i v<:) in a term graph G is called a ra/e one if vy+i G safe (vy) for all yG 

{1,... jZc — 1}. Notationally, for a term graph G and two nodes n, v G Vg, we write u G safepathQ(v) 
if u lies on a safe path from v in G. We will also use the notation safepath(;(v) to denote the set of 
such nodes u. The relation u G safepath( 5 (rootG) will be simply written as n G safepath(j. 

2. Given a signature ^ = we define a subset G It holds G G 

if G G or Gfv G for each v G nrm(rootG) and Gfv G for each 

V G safe(rootG)- 

By definition, the root rootG of G lies on the trivial safe path from rootG in G. In the graph rewrite 
rule (G,Z,r) in Figure |2j visually every safe path consists only of dashed edges • — ^ . Thus, for 
non-trivial examples, the right bottom _L lies on a safe path from Z, and both the same X and g lie on 
a safe path from r. The definition of the class nrm(=^) yields G G for any basic term 

graph G G 

Lemma 1. Let ^ be a constructor GRS over a signature ^ and G G 

1. Let (H, l,r) be a rewrite rule and ^ : H\l ^ G a homomorphism. Then any path from rootG 
to (p{l) is a safe path. 

2. Suppose additionally that is precedence terminating with argument separation. If G H, then 

//G.^^nrmW 

Proof. Property [T] We show the property by contradiction. Assume that there exists a path from 
rootG to <P(Z) that is not safe. Then the path passes a normal argument position of an intermediate node 
V. Since constructors have only safe argument positions, labG(v) must be a defined symbol. Hence 
G\q){l) G by the definition of the class c^?^nrm(^)- But labG(<p(Z)) = lab//(Z) G S) since ^ is 

a constructor GRS, contradicting G\(p{l) G 

Property |2] Suppose that G results in H by applying a redex (R, tp) for a rule R = (R, Z, r) G 
Since any path from rootG to <P(0 ^ one by Property[T] it suffices to show that G 

for the node r// G // corresponding to r G Vk- We show that // (r// G holds by induction 

according to the definition of the relation <pt+nrm- 

Case. K\r ^pt+nrm K\u for some successor node u of Z: In this case, since is a constructor GRS, 
A'I'r is a sub-term graph of RfZ as noted after Definition |7] Hence // (r// G follows from the 

assumption G\(p{u) G 

Case. Otherwise: For each v G nrm(r), Rfr is a sub-term graph of K\u for some u G nrm(Z). By 
assumption, G\(p{u) G for each u G nrm(Z), and hence H\v ^ also holds for each 

V G nrm(r//). On the other hand, R'I'v <pt+nrm K\I for each v G safe(r). The induction hypothesis yields 
H\v G for each v G safe(r//). These allow us to conclude H\rH G D 
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For a finite set N = {m,- € N | / € /}, let denote the natural the convention ^0 = 0. 

Definition 9 (Number-theoretic interpretation of term graphs). Let G G be a closed term 

graph over a finite signature ^ = ^U f = labG(rootG), and < be a precedence on Then, given a 
positive natural i, we define an interpretation If : ^ N by 

h{G) ='£,{{1 + ■ (l +L„enrm(v)dpth(G(M)) I V G safepathG and G\v ^ . 

By definition, If (G) = 0 if G G We write Jf (GI"v) to abbreviate the component (1 • 

(l+LH€nrm(v)dpth(GI'M)). 

Lemma 2 (Main lemma), het {G,l,r) be a constructor rewrite rule such that G\r <pt+nrm G|"Z holds for 
the relation <pt+nrm induced by a precedence < on a finite signature Also let Gl,Gr G 
respectively denote closed instances of G\l and G\r. If iGfrl < I, then If(GR) < If(GL) holds for the 
interpretation If induced by the precedence <. 

Proof We estimate an upper bound for If(GR) = Ll-IrlGtv) | v G safepath^j^ and G\v ^ di¬ 
viding the domain {v G Vgr I safepatliG^ and G\v ^ into two parts. Let V\ C Vgl denote the set 

of labeled nodes that already occur in G\l. More precisely, if Gl is the result of instantiation by a homo¬ 
morphism (p from GfZ to an underlying term graph, F| = {v G Vgl I 3m G Vgp f^dom(labG) s.t. v = «p(m)}. 
In other words, Vgl \ is the set of nodes that are newly added by the instantiation. Let denote the 
corresponding subset of Vgr- Since every undefined node in G (r occurs in G (Z as a general assumption, 
I^Gr \ K G Vgl holds. Write / to denote labG(Z). 

Claim 1. Jf (Gr tv) < [I + ■ (^1 -bL„enrm(rootGL) dpth(GL (m)) holds for any v G safepatliG^ nW 

Write g to denote labGR(v), which is defined by definition ofVr- By the assumption Gfr <pt+nrm G\l, 
g < / for the given precedence <, and hence rk(g) < rk(/) holds. By Definition|7J for each v' G nrm(v), 
GRtv' is a sub-term graph of G\_\u for some u G nrm(rootGL)- Hence, for each v' G nrm(v), dpth(GRtv') < 

lMenrm(rootGjdpth(GLtM).i-e-, l+I„enrm(v)dpth(GRtM) < 1 + arity(g) • (^i:„gnrm(rootGL) dpth(GL («)) < 

(1 +£) ■ ^1 +LMenrm(rootGL) dpti'(t^L t“)^ ■ Letting V G safepatliGj, nVr, this allow us to reason as follows. 

J^^Rtv) < (l+L„enrm(v)dpth(GRtM)) (since rk(g) < rk(/) - 1) 

— ^M€nrm(rootG|_) dpth(GLtM)) 

Since IsafepattiGp, nKl < |Gtr| < £, Claim [T] allows us to reason as follows. 

^{Jf(GR tv) I V G safepatliG^ nFr and Gr tv 0 
< (l+i:„enrm(rootG,)dpth(GLtM)) (by Claim [J) 

<C (1 +-^) -|- ^H^nrm(rootG|^) dpth(GLtM)) =Jf(GL) (1) 

Claim 2. Ifv G safepatliGj, \ K and Gr (v ^ then v G safepathG,^ \ V\ and Gl tv ^ 

Suppose V G safepatliGj, \Fr and, GRtv ^ Then GLtv 0 since GRtv G Gftv holds 

as mentioned above. We show v G safepathG^ \L| by contradiction. So assume v ^ safepathG^ \F|. Then, 
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since Gl € ^^^nrm(^)^ Gl^v € holds as observed in the proof of Lemma lllll Claim [2] allows 

us to reason as follows. 

2^{J£(Gr|'v) I V € safepath( 5 ^ \K and Gr\v 0 

< l^{J^(GLtv) I V e safepath( 5 |^ \V| and GLfv ^ (by Claim |2|) 

< I V € safepath^i^ \{rootGL} and GlCv 0 (2) 

Combining the inequalities ([T) and Q, we conclude I£(Gr) < \i{Gi). □ 

The next lemma states that the normal part of a starting basic term graph does not change under 
precedence termination with argument separation. 

Lemma 3. Let ^ be a constructor GRS over a signature ^ that is precedence-terminating with argument 
separation and Go G a closed basic term graph. If Gq G, then G\u Cnrm Go holds for any 

nodes v G safepathg and u G nrm(v). 

Proof Suppose Go —G. We show the assertion by induction on n > 0. In the base case n = 0, G = Gq 
and nrm(v) = 0 for any v G safepatliG \ {rooto} since Gq is basic. Hence the assertion trivially holds. 

For the induction step, suppose that Gq G holds and that G H is induced by a redex 
in H for a rewrite rule R = {K,l,r) G and a homomorphism q) : K\l ^ G. Then G,H G ^?^nrm(^) 
by Lemma [Tl2l First let us consider the case (p{l) = rootc- By induction hypothesis, it suffices to 
show that for any nodes vh G safepath^ and uh G nrm(v//) there exists a node vg G safepathG such that 
H\uh Cnrm G\vg holds. Let Vh G safepath^ and uh G nrm(v//). 

Case. K\r ^pt+nrm K\u for some successor node u of 1: Since is a constructor GRS, K\r C .S'I'm, 
and hence H G G holds. If vh G safepatfiG, then we can let vg = vh- If vh 0 safepathG, then any 
path from rooto to vh passes an normal argument position of a node vg G safepathG. This means 
H\vh Cnrm G\vg, and thuS //(mg Cnrm G\vg- 

Case. Otherwise: If v G Vg \ {(p{u) \ u G Vg\i}, then, as in the previous case, one can find a node 
Vg G safepathG such that H \vh Cnrm G (vg- Thus we assume that vh is mapped from V^ir by (p. Then 
<pt+nrm yields //fv// <pt+nrm G. By the definition of the relation <pt+mm, H\uh Cnrm G\(p{l) 
holds. Since (p{l) G safepathG by Lemma [Tm we can let vg = <p(0- 

Now consider the case (p{l) root//. Let rn ^ H denote the node corresponding to r e K. Let us 
consider the subcase v// G VH\rH- In this subcase, since v// G safepath//(r//), as in the case (p{l) = rootG, 
there exists anode vg G safepathG such that H\uh Cnrm G I" vg holds. Since q){l) G safepathG by Lemma 
rrm the induction hypothesis yields H\ug Cnrm Gq. Consider the subcase v// ^ Vnirn- In this subcase, 
Vh G safepathG. As in the previous subcase, Vh\uh GYnirn G Vg\uh holds. On the other side 

Yh\uh \ YH\rH G Vg\uh \ Yg\ip{ 1 ) holds. Combining the two inclusions, we reason as 

Vh\uh = {YH\uHGiVH\rH)G (V//f„^ \ V//f^^) C {Vg\uh^^G\(p{1)) U (VGr«„ \ Vg^^^)) C Vg\uh- 

This implies H\uh E G\uh- Since vh G safepathG and uh G nrm(v//), the induction hypothesis yields 
G\uh Cnrm Gq, and thus H \ Uh Cnrm Gq. EH 

To express that a term graph G is maximally shared with respect to normal argument positions of 
the root rootG, we define a term graph G n nrm consisting only of sub-term graphs connecting to normal 
argument positions of rootG- H G represents a term f{ti,... dkUk+t, ■ ■ ■,tk+i)’ then Gn nrm represents 
the term ffi ,...,tj. ;xi,... ,x/) with I fresh variables xi,... ,x/. 
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Definition 10. Let G G be a term graph with succG(rootG) = vi,... ;v^+i,...,If 

labG(v) is not defined for any v € safe(rootG), then Gfl nrm simply denotes G. Otherwise, Gfl nrm 
is defined from I disfincf nodes nof confained in Vg as follows. 

Vcn nrm = {rootcjU^^U vGnrm (rootG)'^Grv) U 

^Cnnrm = |(m,v) G Eq \ U,V € {rOOto} U (^Uv€nrm(rootG)} U {(rOOto,«;) | ; = 1,...,/} 

GO - / ifvGVG, 

\ nof defined ofherwise. 
rOOtGnnrm = rOOtG 

By definifion, succGnnrm(i'ootGnnrm) = vi,... ,VjtA choice of nodes mi is nof imporfanf 

and hence will be always omiffed in lafer discussions. 

Since an underlying signafure ^ U ^ is finile, for any (infinite) consfrucfor GRS over 
fhe defined symbols ^ can be parfifioned info fwo sefs and so fhaf every symbol / G 
is defined by an infinife number of rules whereas every symbol / G is defined by a finite number 
of rules. Accordingly, we define a parfifion of every constructor GRS ^ into two sets and f^fjn by 

= {{G,I,r) G ^ I labG(/) G ^inf} and = {{G,l,r) G ^ \ labcil) G ^.n}. 

Theorem 2. Let be a constructor GRS over a finite signature ^ that is precedence terminating 
with argument separation and let max ({arity(/) \ f ^ {\K\r\ | 3/ {K,l,r) G ^fm}) < d. Suppose 

that, for any rule {K,l,r) G (i) (/) D nrm is maximally shared, (ii) K\v is closed for every 

V G nrm(Z) ndom(lab/(:), (iii) |{v G nrm(Z) | v 0 dom(lab/f)} U (Uvesafef/) '^k\v)\ < d, and (iv) |/rfr| < 

+ IUvenrm(r) Then, for any closed basic term graph Gq G if Gq G, G H 

£?nrZ2- (lUvenrm(rootoo)'^Gorvl +d) < I, then < \i{G) holds. 

We write (VG)nrm to abbreviate the set UM€nrm(rootG) '^Gtu- The conditions (i) and (ii) ensure that one 
step of rewriting can only reduce a constant number of nodes in (14:r/)nrm sharing. The condition 
(iii) ensures the same for nodes in Vk\i \ Since the condition (iv) implies \K fr| < 2 ■ [.S'(Zl, the 

condition expresses that not only K\l but .S'(r is also suitably shared. 


Proof Given a closed basic term graph Gq G suppose that Go G and that G H is 

induced by a redex (R,(p) in G for a rule R = {K,l,r) and a homomorphism cp : K\l ^ G. Then 
G,H G holds by Lemma [1121 Let 2- (l(VGo)nrml+‘^) — show that |A'|'r| < 2- 


+ d^ holds. In case {K,l,r) G (ffin, |^tr| < d holds by assumption. In case {K,l,r) 


£ ^nf 


we deduce the following two inequalities. 


l(V„,)„,„l<l(V'<5W,))„,„!+'< (4) 

The homomorphism tp is injective over ndom(lab/i:) by maximal sharing of (.K'|'Z)nnrm. Hence 

l^j^l < l(TGt(p(/))nrml ^ holds by the assumptions (ii) and (iii). 

We deduce the inequality ([Hi by case analysis. In case that K\r ^pt+nrm K\u for some successor 
node M of Z, .K'I'r G and hence |(Lxp)n|.ml = l®l = 0 since constructors only have safe argument 

positions. Otherwise, for every v G nrm(r), A'fv is a sub-term graph of K\u for some u G nrm(Z). Thus 
|(L/rp)nrml ^ l(Tsr/)nrm I ^olds, and hcnCC the inequality dUl folloWS from |(Lxr/)nrml ^ IC^Gr9(0)nrml+^- 
Combining the assumption (iv) with the inequalities ([3]) and dUl yields |.K'|'r| <2 - ^|(V'Gt(p(/))nrml ‘ 

On the other hand, since (p{l) G safepath^ by Lemma [TTTl Lemma [3] yields |(V'Gto(/))n ..l<l(^Go)nrml- 
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Therefore |A'|'r| < 2-(|(VGo)nrml+‘^) <^holds. Now, letting r//€ V?/denote the node corresponding to 
r E Vk, we deduce \i{H) < \i{G) as follows. 

h{H) 

= \i{fl\rH)+Y.{h{fl\v) I V E safepath^\safepath^(r//) and//fv 0 

< \e{G\^{l)) +Y,{-ieiH\v) | v E safepath^\safepath/^(r//) andZ/fv 0 (by Lemma |2]) 

< \e{G\(p{l)) +L{Jr(G|'v) | v E safepath( 5 \safepath( 5 ((p(Z)) and//|'v 0 = 1^(0) 

The second inequality follows from safepath^ \ safepath^(r//) C safepath^; \safepath(;((p(Z)). □ 

Lemma 4. Let be a constructor GRS over a finite signature ^ that is precedence-terminating with 
argument separation and let max({arity(/) | / E ^}U{|G|'r| | 31 {G,l,r) E {ffm}) < d. Suppose the 
assumptions (i)-(iv) in Theorem\2\are fulfilled. Then, for any closed basic term graph Go E if 

Go G, then |G| < |Go|+« ■ (| Uvenrm(rootGo) '^Gohl+2^z) holds. 

Proof. By induction on n. In the base case n = 0, G = Go and hence the assertion trivially holds. For 
the induction step, suppose that Go G holds and that G —H is induced by a redex {R, cp) in G 
for a rule R = {K,l,r) E ^ and a homomorphism cp : K\l ^ G. In case R E ^f\n, \H\ < |G| +rZ by the 
choice of the constant d. Suppose R E i^nf- As in the proof of Theorem |2l the homomorphism (p is 
injective over ndom(lab/(:) by maximal sharing of (A'I'Z) n nrm. Thus, by the assumptions (ii) 

and (iii), at most d nodes in Vk\i can be shared by the homomorphism cp. These observations imply 
\H\ < |G| + \H\rH\ — \G\(p{l) \ < |G| -\-\K\r\-\-d — |.fir|'Z| for the node rfj E Vh corresponding to r E Vk. 
Therefore \H\ < |G| + +rZ holds by the assumption (iv) fr| < \K\l\ + For the 

same reason as above < \{Vg\<p(i))+ d holds, and thus \H\ < |G| + \{Vgi^(^i))+ 2d 

holds. On the other hand, since (p{l) E safepath^; by Lemma fTTTl |(^Gtip(/))nrml — holds 

by Lemma [3] Therefore |//| < |G| + |(V(;|^rootGQ) I + 2<i holds. Combining this inequality with the 

induction hypothesis |G| < |Go| -\-n ■ ^|(Vgq frootcg) I +2rZ^ allows us to conclude |//| < |Go| + (n + 
1) • (l(^GokootGo)nrml ^ 

Corollary 2. Suppose that is a constructor GRS over a finite signature ^ precedence-terminating with 

argument separation that enjoys the assumptions (i)-(iv) in Theorem^ Then there exists a polynomial p : 
N ^ N such that, for any closed basic term graph Gq E and for any term graph G E 

if Go —T’tp G, then the following two conditions hold. 

1 . /n</7(^|UvGnrm(rootG,)^Oorv|)- 

2. |G| ^ P ^1 UvGnrm(rootG^) I^Gq \ Uvenrm(rootGQ) ^Go fv|- 

Proof. We only show the existence of a witnessing polynomial ^ : N ^ N for Property [U The construc¬ 
tion of a polynomial p witnessing both Property [T] and |2] will be clear from the polynomial q and Lemma 
m Given a GRS over a finite signature let max{arity(/) | / E < d. In addition, given a closed 

basic term graph Gq E let 2 • (l('^GorrootGo)nrml G holds for 

some term graph G E By Theorem|2l m can be bounded by l£(Go). Since Gq (v E 

for any node v E safepathg^j \ {rootGo}> It(Go) = J^CGq) holds. Now let q denote a polynomial such that 
{2x + 2d + l) 2 'max{rk(/)|/€J^} .{lJ^dx)< q{x). Since i:^gnrm(rootGo) dpth(Gofv) <d-\{VGoUootao)„,J’ the 

inequality 2- (l(VGorrootGo)nrml ^ to conclude m < l£(Go) < q (l(t^GorrootGo)„,^l)- □ 
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Remark 2. The assumption (iv) in Theorem |2] can be relaxed as < \K\1\+p{{Vk\i)„,J for some 
polynomial p if ^ is sufficiently large so that a certain polynomial in |(VGo)nrml determined by p can be 
bounded by £. Since such a relaxed form of the condition (iv) likely holds under a suitable term rewriting 
adoption of unfolding graph rewrite rules, it turns out that just unfolding a recursion schema seems not 
crucial to deduce the polynomial complexity. But, more importantly, as implied from the assumption 
(iii), the number of variables occurring in the right-hand side of every rule can be constantly bounded, 
which clearly fails in any reasonable term rewriting formulation of unfolding rewrite rules. 

The next lemma ensures that the assumption (i) in Theorem |2]is not too restrictive. 

Lemma 5. Let ^ be a constructor GRS over a finite signature ^ precedence-terminating with argument 
separation. For any maximally shared, closed basic term graph Gq G if Gq — G, then (Gf 

v) n nrm is maximally shared for any v € safepath^;. 

Proof Let v G safepath^j and uq,u\ G Vg\v Assume termG(G|'Mo) = termG(G jui). By the definition of 
the term graph (G jv) n nrm, it suffices fo consider fhe case uo,ui G (^Gfv)nrm‘ case, by Lemma|3l 

G\uj Cnrm Gq holds for each j = 0,1. This means fhaf G\uj = Go\uj holds for each j = 0,1, and fhus 
termGo(Go \uo) = termGQ(Go (ui) holds by fhe assumpfion. Maximal sharing of Go implies uq = u\. □ 

As a consequence of Lemma lllll and Lemma [51 for any (complefely defined) consfrucfor GRS 
over a finife signature that is precedence terminating with argument separation, if there exists a constant 
d such that the assumptions (i)-(iv) in Theorem |2] hold for any rule {K,l,r) G then any rewriting 
sequence Go G\ ■ ■ ■ starting with a maximally shared, closed basic term graph Go leads to a 
constructor term graph in normal form. 

Theorem 3. Every general safe recursive function can be computed by a constructor GRS that prece¬ 
dence terminating with an argument separation fulfilling the conditions (i)-(iv) in Theorem^ 

Proof. By induction over the definition of /. In the base case, every initial function can be defined by a 
single consfrucfor rewrife rule {G,l,r) in one of fhe following shapes [T] and [2l 

1. G\r = G\v for some successor node v of 1. 

2 . Vg consisfs of2 + k + Z + n elemenfs u,v,xi,... ,Xk^i, wi,...,such fhaf I = u, r = v, 

• {labG(M), labG(v), labG(wi),..., labG(w„)} C 

• I a bG(xy) is undefined for all j £ {!,...,k-\-l}, 

• SUCCg(u) Xi,.. . , Xli , 7 • • • ? > 

• succg(v) =xj,,...,xj^ ;wi,...,w„ for some ^ {l,...,k}, and 

• succG(wy) =xi,...,xk;xk+i,...,xk+/ for all J G {1,... ,n}. 

The graph rewrite rule (1) below is an insfance of Case|2]wilh k = 2,l = l and n = 2, which expresses fhe 

term rewrife rule f(xi,X 2 ;x 3 ) —> h(xi ;gi(xi,X 2 ;x 3 ),g 2 (xi,X 2 ;x 3 )). As inFigurelH every edge v- u 

is expressed as v — ^u ifuG safe(v) and labG(v) G 
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Every instance of (Constants) can be defined by a single graph rewrite rule as (2) above in a special 
shape of Case |2l and each of (Projections), (Predecessors) and (Conditional) can be defined by a 
single graph rewrite rule as (3) in the form of Case[Il The induction step splits into two cases. In case 
that / is defined by (Safe composition), / is defined by a constructor graph rewrite rule in the form of 
Case |2] together with the constructor GRSs obtained from induction hypothesis. In case that / is defined 
by (General safe recursion), / is defined by an infinite set of constructor safe recursive unfolding graph 
rewrite rules together with the constructor GRSs obtained from induction hypothesis. For instance, 
suppose that / is defined by /(e;z) = g{\z) and f{c{\x,y)\z) =h{x,y,zJ{x\z)J{y\z)). By induction 
hypothesis, g and h can be respectively computed by some constructor GRSs and defining the 
corresponding function symbols g, h E Let e,c E respectively correspond to e,c and f E ^ to / 
Also let £ = {e, c} and 0 = {g, h} with a bijective correspondence e i-7> g,c h. Then, for each m > 1, 
one can define the m* set of safe recursive unfolding graph rewrite rules over £ U 0 defining f. Since 
£ C is a constructor GRS for every m > 1. Since elements of IJm>i express f(e;z) —>• g( ;z), 

f(c(;e,e) ;z) h(e,e;z,g(;z),g(;z)), ..., / is computed by the infinite GRS U 

The precedence < is defined so that, letting every constructor be <-minimal, for every rule (G,/,r), 
labG(v) < labG(0 for any v E Vgp whenever labG(v) is defined. Then g < f means fhat / is defined from 
g for the functions /,g respectively corresponding to f,g. Hence the well-foundedness of < follows 
from the observation that the relation “is defined from” is well-founded by the definition of general safe 
recursive functions. Precedence termination of so obtained GRSs is obvious. 

Let <pt+nrm be the relation induced by the precedence <. By definition, the subset of if consists 
of safe recursive unfolding graph rewrite rules whereas contains no unfolding graph rewrite rule. 
It follows from the definition of safe recursive unfolding graph rewrite rules that Gf/ <pt+nrm Gfr for 
each {G,I,r) E (See also Corollary [Til. Consider a rewrite rule {G,I,r) E It is obvious that 
<pt+nrm G\r holds if {G,l,r) is an instance of Cased] Suppose that Vg consists of l + k + l + n 
elements I, r, x\,... ,Xk+i, wi,... ,w„ as specified in Case|2| Let v E Lop = {t-Xi , ■ • ■ ,Xk+i,wi ,..., w„}. 
Consider the case that labG(v) is not defined, i.e., v E {x\,... ,Xk+i}. In this case, v is a successor 
node of 1. Namely G [v = G [n for some successor node u of I, and hence G \I <pt+nrm G [v holds. 
Assume that labG(v) E Then v E {r, wi,... ,w„}. Since succG(wj) = xi,... ,Xk',Xk+i, ■ ■ ■ ,Xk+i for 
every y E {1,...,«}, G[Z <pt+nrm G\wj for every y E {1,... ,n}. This yields G\l <pt+nrm G[v since 
succg(v) = Xj^,... ,Xj^^ ;>vi,... ,>v„ for some {y'l,.. .,jm} G {1,... ,Z:}. The conditions (ii)-(iv) follow 
from the definition of unfolding graph rewrite rules. Choosing every rewrite rule (G,Z,r) E so that 
(G [Z) n nrm is maximally shared allows one to conclude. □ 

Corollary 3. For every general safe recursive function f, there exist a constructor GRS ^ that computes 
f and a polynomial : N —)• N such that, for any maximally shared, closed basic term graph G, if 
G — H, then m < p{n) and \H\ < p{n) + |G| hold, where n denotes the size \ Uvenrm(rootG) ^G\v\ (of the 
union) of the subgraphs connected to the normal argument positions of rootG only. 

The corollary says that every general safe recursive function can be computed by a polynomially 
bounded constructor GRS. Since such a witnessing GRS is polytime presentable in particular. Corollary 
|3] yields an alternative proof of Theorem [T] 


5 Related works and further application 

In this section we discuss two related works to see some potential applicability of the method presented 
in the previous section and one more work to see a limit of the computational power of the method. 
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In |[T5l a term rewrite system M\cs, which computes the length of the longest common subs-sequence 
of two strings, is discussed. The rewrite system contains instances of 

f(e,y,z;w) g{y,z;w) I{x,e,z-,w) g(x,z;w) 

f(ciix),Cj(y),z-,w) hij{x,y,z-,w,f{x,Cj{y),z-,w),f{ci{x),y,z;w)), 

i.e., rewrite rules expressing safe recursion with multiple recursion arguments. For exactly the same 
reason as in case of general safe recursion, ,^ics only admits a polynomial ^Mfl^i-interpretation which 
says nothing about polynomial runtime complexity. Due to the restriction to single recursion arguments, 
it is not possible to represent these rules as instances of (safe recursive) unfolding graph rewrite rules. 
However, as seen from an instance (1) below (where the variable z is ignored to ease the presentation), 
could be represented by an infinite GRS fulfilling the assumptions (i)-(iv) in Theorem |2] 

( 1 ) 




(/ = 0 , 1 ). 


In a very recent work 151, Theorem[T]is expanded for simultaneous general safe recursion, e.g., 
Ii{e,z;w) gi{z;w) 

f,-(c(x,y),z;w) h;(x,y,z;w,fo(x,z;w),fo(y,z;w),fi(x,z;w),fi(y,z;w)) 

In contrast to the current approach, instead of taking an advantage of sharing in term graph rewriting, 
the notion of cache is employed in |5| to avoid costly recomputations. A similar notion, called minimal 
function graphs, can be found in ifTSl . yielding that the rewrite system can be executed in polynomial 
time. As mentioned in Remark [2l the condition (iv) in Theorem |2] can be relaxed as (iv)’ frl < |A'|' 
^1 + ^(l('^xr/)nrml)‘ Thus, as Seen from an instance (2) above, such the schema of simultaneous recursion 
could be also represented by an infinite GRS enjoying the assumptions (i)-(iii) and (iv)’. 

As shown in ifTdl . it is known that the polynomial-space computable functions can be captured with 
safe recursion (on notation) with parameter substitutions. To see an explicit boundary of the proposed 
method, consider the term rewrite system below that expresses an instance of the schema. 

f(£;y) ^ g(;y) 

f(c(v);y) ^ h(v;y,f(x;p(x;y)),f(x;q(v;y))) 

The rules below are the first three instances of unfolding the above rules. 

(0) f(£;y) ^ g(;y) 

(1) f(c(£);y) ^ h(£;y,g(;p(£;y)),g(;q(£;y))) 

(2) f(c(c(£));y) ^ h(c(£);y, h(£;y,g(; p(£; p(c(£),y))),g(;q(£; p(c(£),y)))), 

h(e;y,g(;p(e;q(c(£),y))),g(;q(£;q(c(£),y))))) 

One will see that g oecurs 2' times in the instance (/) and none of the oceurrences ean be shared since 
their arguments are different. For this reason, even if they are represented as maximally shared GRS 

2\Arii) 

nrm l< |.k'|'r| for every {K,l,r) G and thus (even a relaxed form of) the condition (iv) fails. 


6 Conclusion 

Generalizing unfolding graph rewrite rules that express the schema (IGeneral Safe RecursionI) . we pro¬ 
posed restrictive precedence termination orders, precedence termination with argument separation. The 
restrictive notion together with suitable assumptions yields a new criterion for the polynomial runtime 
eomplexity of infinite GRSs and for the polynomial-size normal forms in infinite GRSs. As diseussed in 
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the last section, the proposed method can be potentially expanded for safe recursion with multiple recur¬ 
sion arguments or simultaneous general safe recursion, and thus is indeed more flexible than unfolding 
graph rules at least in a limited sense. It should be stressed, however, that it is unclear how to express 
infinite instances of those recursion schemata with infinite graph rewrite rules in a uniform way. 
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